We show how the phase profile of Bose-Einstein condensates can be engineered through its interaction with localized Rydberg excitations. The interaction is made controllable and long-range by off-resonantly coupling the condensate to another Rydberg state. Our technique allows the mapping of entanglement generated in systems of few strongly interacting Rydberg atoms onto much larger atom clouds in hybrid setups. As an example we discuss the creation of a spatial mesoscopic superposition state from a bright soliton. Additionally, the phase imprinted onto the condensate using the Rydberg excitations is a diagnostic tool for the latter. For example a condensate time-of-flight image would allow the reconstruction of an embedded Rydberg crystal pattern. . More generally imprinting allows the transfer of the BEC into a desired state of atom flow or motion. Often the phase is generated optically, then phase-profiles are restricted by the need of selective optical access to parts of the atom cloud. We propose to engineer phases using the interactions between Rydberg dressed ground-state atoms [5] [6] [7] [8] [9] [10] [11] [12] [13] of the condensate and resonantly excited Rydberg atoms [14] [15] [16] [17] [18] . This phase imprinting will rely on the matter-wave coherence of the condensate, and thus represent an instance of genuine Rydberg-BEC physics.
Introduction: The imprinting of tailored phase profiles onto the complex order parameter of a Bose-Einstein condensate (BEC) [1] is a versatile tool for the creation of topological states such as solitons [2, 3] and vortices [1] or even Skyrmions [4] . More generally imprinting allows the transfer of the BEC into a desired state of atom flow or motion. Often the phase is generated optically, then phase-profiles are restricted by the need of selective optical access to parts of the atom cloud. We propose to engineer phases using the interactions between Rydberg dressed ground-state atoms [5] [6] [7] [8] [9] [10] [11] [12] [13] of the condensate and resonantly excited Rydberg atoms [14] [15] [16] [17] [18] . This phase imprinting will rely on the matter-wave coherence of the condensate, and thus represent an instance of genuine Rydberg-BEC physics.
We show that phase imprinting creates a versatile interface between ultra-cold Rydberg-and BEC physics. Firstly, it allows entangled Rydberg states [19] [20] [21] to be mapped onto the many-body wavefunction of the condensate. As one example we discuss how to turn an atomic Bell state | ϕ = (| Rg + | gR )/ √ 2 (with two atomic electronic states | g , | R ) into a spatial mesoscopic superposition state in the position of a single BEC bright soliton, akin to the proposal of [22] . Secondly, phase imprinting represents a tool to probe Rydberg electronic states via their effect on a condensate [18, [23] [24] [25] [26] [27] . To demonstrate, we show signatures of Rydberg-crystals [28] in expected condensate time of flight spectra.
Our scheme relies on weakly admixing Rydberg character to all the atoms in a condensate cloud through far off-resonant laser coupling between their stable ground state and a highly excited Rydberg state [6, 7] , as experimentally demonstrated for two atoms [13] . All these "dressed" atoms then interact with some previously prepared, fully excited atoms in a different Rydberg state, referred to as impurity or control atom depending on whether they are inside or outside the condensate. The atomic species of impurities may be identical to condensate atoms.
The interaction involving impurities can be made dominant over the simultaneously induced long-range condensate self-interaction [6, 7] . Using this we demonstrate the imprinting of sizeable phases for realistic parameters. The condensate phase is also affected by direct collisions of the Rydberg electron with condensate atoms in the ground state, without dressing coupling. This can be exploited to visualise the electron orbital through condensate densities [18, 27] . In contrast the imprinting through dressed interactions discussed here extends the spatial scale, smoothness and controllability of phase profiles. The use of Rydberg impurities and effectively one-or two-dimensional (2D) condensates in this article circumvents some of the interaction strength and manybody related problems of dressing discussed in [12] . Interactions between Rydberg impurities and dressed atoms: Consider a gas of N Rb atoms with mass M at locations R n . They may be in either of the three electronic states; ground state | g , Rydberg state | r = | νs or | R = | ν s with principal quantum numbers ν, ν , where ν < ν as shown in Fig. 1 (b) . The label s implies angular momentum l = 0. The state | g is coherently coupled to | r with Rabi frequency Ω(t) and detuning ∆. We write the system HamiltonianĤ tot = H 0 +Ĥ dress +Ĥ int , using the notationσ
where k, k ∈ {g, r, R} andσ (n) acts on atom n only:
Ground state atoms experience an external trapping po- [29] , electron mass m e , electron-atom scattering length a e [30] and Rydberg orbital wave function Ψ ν/ν (d). Our examples will be based on Rb with a e = −16.05a 0 , where a 0 is the Bohr radius.
We have not included light-coupling to the state | R , assuming N imp of the N atoms have been pre-prepared as impurities in state | R at locations {x n } ⊂ {R n }. This can involve selective optical access [31] [32] [33] , exploit blockade effects [28, [34] [35] [36] [37] [38] [39] [40] [41] [42] or rely on condensate density dependent energy shifts [16, 23] . Interactions V RR between two Rydberg impurities are important in this stage of impurity placement but can subsequently be neglected. The light-coupling inĤ dress will cause long-range interactions for all atoms, which would otherwise be present only among Rydberg excited atoms (| r , | R ). Assuming far off-resonant coupling of the ground state condensate atoms to the Rydberg state, so that |α| 1 for α = Ω(t)/(2∆), we determine these interactions using fourth order perturbation theory in Ω(t). Calculating the energy shift ∆E gR of the state | 0 = | gR where the N imp atoms at locations x n are in | R and the otherN = N − N imp atoms in | g , we obtain ∆E gR = α 2 E (2) + α 4 E (4) , where
We find E (4) in comparison negligible, see [43] .
In this article, impurities will only affect dynamics for very short times, such that their motion can be assumed frozen in space [44] , and they also do not undergo state changes. Similar to [6] we merge the effective interactions obtained through the laser dressing with the direct interactions between atoms contained in (1) (V gR , V gg ) to arrive at the following effective Gross-Pitaevskii equation (GPE) for the dressed and condensed ground-state atoms in the presence of Rydberg impurities:
Here the presence of a few impurity atoms that are fully in a Rydberg state causes strong, long-range interactions with the remaining atoms, which can be treated as external single body potential for the condensate. The corresponding terms in (2) are in square brackets and will be the central tool of the present work. Note that the dominant part E (2) is orders of magnitude larger than the dressed interaction between condensate atoms, causing quite different physics than the latter [6] . The induced potentials are sketched in Fig. 1 (a) as red line (U (2) eff , using signs V rR /∆ < 0) and blue line (|Ψ(|R − x|)| 2 ) for a single impurity at the centre of the cloud (x = 0). Either potential is associated with an important length scale. The plateau of the dressing induced potential extends to the critical radius r c = (C (rR) 6 /|∆|) 1/6 , which also sets the width of the region of potential drop. The extent of the direct interaction potential V gR is the radius of the Rydberg electron orbital Ψ ν of the impurity, r 0 ≈ a 0 ν 2 with a 0 the Bohr radius. We focus on parameters for which molecular resonances are avoided and also r c > r 0 [45] [46] [47] Although included in our solutions of Eq. (2) [48] , the direct interactions V gR then play a minor role.
Our applications of Eq. (2) to phase-imprinting involve two dynamical stages: In a first short stage (t ∼ 10µs), the condensate wave function φ acquires a dy-
eff (R, {x m })τ imp . Timescale and strength of U (2) eff are such that other energies can be neglected. Only in this stage are dressed interactions enabled thoughĤ dress . In a much longer second stage (t ∼ 10ms), the condensate evolves according to the usual GPE, and the initially imprinted phase profile is typically transformed into condensate flow and/or density variations. We consider two examples, highlighting the strengths of Rydberg phase imprinting: Transferring entanglement from a Rydberg system onto a BEC, and inferring the geometry of a collection of Rydberg impurities in a cold gas.
Entanglement transfer:
We first consider a onedimensional arrangement of a 87 Rb BEC bright soliton (see Ref. [49, 50] and references therein) withN = 400 atoms, located between two individual atoms, which are each tightly trapped separately in their own optical tweezer at x 1,2 with position spread σ con = 0.05µm). The atoms outside the condensate are referred to as control atoms. As shown in Fig. 2 , the control atoms are separated by a distance D = |x 1 − x 2 | = 3µm. In the rest of this article, we further choose |r = | 55S , | R = | 76S for which we find C (rr) 6
= 1880.6 GHz/µm 6 . In this section, we assume that attractive contact interactions, g < 0, which are required for the soliton, will be created using the Feshbach resonance at B ∼ 155 G in 85 Rb [51] , resulting in a s (B) = −100.7a 0 . For an effective 1D treatment, we replace g → g 1d = ω ⊥ a s in Eq. (2), with ω ⊥ = (2π)150 Hz. Only the control atoms are now driven into the Rydberg state | R = | ν under blockade conditions, resulting in an entangled two-
Subsequently we enable the dressing coupling Ω(t) to the state | r for the bulk soliton, resulting in the dressed potential sketched blue in Fig. 2 (a,b) , which depends on whether the left or right control atom was originally excited. After an adiabatically enabled and disabled imprinting period τ imp = 36µs, with Ω(t)/h = 3 MHz, ∆/h = −500 MHz the condensate has acquired the phase profile shown in red. Following de-excitation of the control atoms, we allow τ mov = 2 ms of free evolution according to the first line of Eq. (2), (i.e. Ω(t) = 0). After τ mov , the soliton has moved by about 2µm to the left or right depending on the imprinted phase profile, as shown in Fig. 2 (c,d) . Let us denote the many-body wave function of the gas for these two cases as | Ψ left/right . Since the initial imprinting happens well before a control Rydberg state or dressed Rydberg state from the condensate would decay (life time τ ν = 76 ≈ 180µs [52] and τ eff = τ ν = 55 /(N α 2 ) ≈ 23 ms respectively), the entire process is quantum coherent, resulting in a final many-
This represents a mesoscopic entangled state [22, [53] [54] [55] [56] [57] [58] , where the entire soliton ofN atoms is in a superposition of two different locations. As proposed in [22, 59] , the superposition nature of the resulting state can be proven with centre-of-mass interference fringes upon recombination, for which one would additionally place the soliton into a weak harmonic trap W (R). The creation of such a highly entangled many-body state is sensitive to de-coherence processes limitingN . Obvious further decoherence processes such as atom loss from the soliton during τ mov (we expect a mean loss of 0.8 atoms, dominated by three-body loss) are small for our parameters. A full many-body quantum treatment including coherence between control atom states and condensate atoms may be subject of further research.
Rydberg crystal imprinting:
The maximally entangled state | ϕ + is but one example of entanglement arising due to strong Rydberg-Rydberg interactions. Another example is given by spatially ordered (crystal) structures formed by large numbers of Rydberg excitations in a cold gas [28, 39, 41, [61] [62] [63] . We show now that Rydbergphase-imprinting in the presence of such a crystalline distribution of impurities leads to condensate momentum spectra that allow the reconstruction of the locations of impurities.
Let us consider a BEC confined in a pancake shaped harmonic trap
z , where σ z = /(mω z ) and g > 0 with a s = 5.5nm. Using a scheme as discussed in [28] , N imp impurities can be arranged in a crystal like structure within the condensate cloud.
For a distribution of impurities as shown in Fig. 3 , we numerically solve Eq. (2) [64, 65] enabling the potentials U (2) eff and V gR [48] for a short imprinting period τ imp = 18.5µs only, using Ω/h = 2 MHz, ∆/h = −150 MHz. This is followed by evolution under the influence of contact interactions, but with disabled harmonic trap and the impurities assumed removed via field-ionisation [16, 66] . At some final time where momentum spectra no longer significantly change, we plot the expected time-offlight (TOF) images in Fig. 3 . We also show the position space density shortly after phase-imprinting. If the effect of atomic collisions, described by the nonlinear term g|φ(R)| 2 , is not too large, the final momentum spectrum is roughly the Fourier transform of φ(R) = n ini (R) exp[iϕ(R)], where n ini (R) is the known initial atom density in the trap, and ϕ(R) the phase profile generated through imprinting and shown in in Fig. 3 (d) . A standard phase-retrieval algorithm [67, 68] is then able to recover the phase profile as shown in Fig. 3 (e) from which impurity positions can clearly be inferred. The algorithm relies on iterative Fourier-transforms involving two known quantities: the final time-of-flight image from which the modulus of the condensate wave function is extracted |φ(k)|, and the initial condensate density n ini (R). We briefly describe it in [43] .
We find that simple phase retrieval fails for the case of Fig. 3 for much larger condensate densities due to condensate self-interactions. This might be remedied by more sophisticated variants of the phase retrieval algorithm [68] , possibly using position space information [ Fig. 3 (c) ] or GP-propagation instead of a Fourier transform. One could then use larger atom clouds, in which case impurity locations can be recovered from a single image as in Fig. 3 (d) without the need for image alignment in an ensemble average, as in [41] .
The setup just discussed complements Rydberg crystal detection based on single-atom addressing [41] or electromagnetically induced transparency [24] [25] [26] by working with a bulk gas and moving the signal from the light to the atomic density. Beyond crystal detection, it enables phase-profiles that are otherwise difficult to achieve, for example those akin to Fig. 3 (b) arising from a crystalline impurity distribution on the surface of a 3D sphere. Conclusions and outlook: We proposed a novel phase imprinting technique for Bose-Einstein condensates, employing long-range interactions between condensate atoms and embedded Rydberg excited impurity atoms, created by coupling condensate atoms far off-resonantly to another Rydberg state. The scheme offers functionalities beyond existing imprinting methods, as it allows mapping of entanglement from few-body Rydberg states onto the whole atom cloud, and strengthens BEC as a diagnostic tool for detecting Rydberg excitations in an ensemble of atoms. We illustrate the former through a proposal for the creation of a mesoscopic entangled state in position of a cloud of atoms and the latter by exploring the link between Rydberg crystal structures in a condensate, and momentum space spectra after phaseimprinting.
Combing the techniques discussed here with imprinting effects by a Rydberg electron in a larger orbital may offer additional possibilites, due to the unusual shape of the Rydberg orbital [16] [17] [18] . Other interesting physics might arise from the interplay of phase-imprinting and controlled impurity motion [69] [70] [71] [72] [73] .
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with zero-, one-and two atoms in the Rydberg state | r , and a fixed number of N imp impurities in the Rydberg state | R .
Let us introduce the shorthand U (ab) nl = V ab (|R n −R l |). We then calculate corrections E 0 to the energy of the state | 0 . Up to fourth order perturbation theory inĤ
, where we define the unperturbed energy E (0) = 0. We find to leading order
Since the dressing parameter α = Ω/(2∆) 1, this will be the dominant consequence of laser dressing. The fourth order correction is
To understand the physics contained in E (4) and ultimately find a simple approximation, we analyse E (4) in some limiting cases. When all interactions vanish:
as expected for the fourth order light shift ofN noninteracting background atoms. If we let all background atoms interact, but remove the effect of impurity atoms (e.g. placing them far away), we obtain
This is simply the interaction between two Rydbergdressed ground state atoms that is known from [6] . If instead we neglect interactions between background atoms the expression becomes
This is the fourth order contribution to the effective interaction of one background atom and the impurity atom, the leading contribution of which is α 2 E (2) .
Beyond these limits, (8) must contain nontrivial threebody physics, as becomes clear when we consider the impact of an impurity atom on the effective interaction between two background atoms, (7): Whenever either of two atoms 1 or 2 separately falls into the blockade radius of the impurity, it cannot reach its Rydberg state | r , and the interaction (7) must be suppressed.
Here we only wish to consider the dominant consequences of the induced interactions. The interaction (7) is suppressed by α 2 compared to (4), however due to the much larger number of background atoms compared to impurity atoms, care has to be taken when estimating the importance of the term.
In order to simplify this estimate and (for the sake of completeness) allow an inclusion of the effects of (8) in a Gross-Pitaevskii description, we propose the following simplification of E (4) , based on the discussion above
The term in square brackets is a phenomenological screening factor that suppresses effective backgroundbackground interactions whenever atom n is too close to an impurity (we see shortly why we do not include atom n in the screening factor). It can be easily verified that (9) agrees with (8) in the limiting cases discussed earlier.
Since these span most of parameter space, the approximation of the original (8) works usually well. We consider deviations for a special case with two background atoms and one impurity atom. Deviations are expected for geometries where the distances of all three atoms are comparable and of the order of the blockade radius. This is confirmed in Fig. 4 , which however shows that these deviations are small enough for our purposes. 
In fact we only employed Eq. (9) to confirm that for all cases discussed in detail in this article, α 4 E (4) can be neglected relative to α 2 E (2) . The continuous space version of (9) would give rise to a term
with
on the rhs of the GPE (2) of the main article. Here it becomes clear why the approximation involved in Eq. (9) is advantageous: We can now write the non-local interactions in Eq. (10) as 
where the term in square brackets can be efficiently evaluated via a convolution as usual. Had the screening factor in (9) contained n this would not have been possible. As seen in Fig. 4 the resulting error is small. For our results in Fig. 2 of the main article, interaction Eq. (12) would give rise to a dynamical phase of Phase recovery algorithm by Gerchberg and Saxton: We briefly summarize here the algorithm due to Gerchberg and Saxton [67] for the recovery of phase information of a function from just the intensity (density) of the Fourier transform of the function. The algorithm and variants [68] are widely applied, e.g. in x-ray crystallography.
Consider a pair of function φ(R) and its Fourier transformφ(k) defined by: 
where k is the iteration number and the algorithm is initialized with g 0 = ρ[φ]. In Eq. (15) and Eq. (17) we are enforcing the known position and Fourier-space density constraints. The algorithm usually converges but possibly very slowly, hence improvements exist [68] . For our purposes (Fig. 3 of the main article), between 2×10 3 and 2 × 10 4 iterations of the basic algorithm were sufficient.
